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\C} ' Abstract 

o 
o 

Using Lorentz covariant spinor helicity formalism we reorganize the unitary scalar 

superfield light-cone path integral for the AA=4 supersymmetric Yang-Mills theory. In 

new variables in the chiral Fourier superspace the quadratic and cubic parts of the clas- 

^ ■ sical action have manifest Lorentz, kinematical and dynamical supersymmetry, with the 



exception of terms which contribute only to the contact terms in the supergraphs with 
propagators shrinking to a point. These terms have the same structure as supergraphs 
with quartic light-cone vertices, which break dynamical supersymmetry. We present evi- 
dence that all complicated terms breaking dynamical supersymmetry have to cancel and 
therefore can be omitted. It is plausible that the new form of the path integral leads to a 
set of relatively simple unitarity based rules with manifest AA=4 supersymmetry. 
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1 Introduction 

The unitary light-cone superfield path integral for M'=4 SYM is based on the light-cone su- 
perfield action [T], |2], |2], [!]• The light-cone superfield action correspond to the choice of the 
gauge A^ = for the vector field. It has a manifest kinematical supersymmetry, however, the 
dynamical and Lorentz symmetries are not manifest. In the Lorentz-covariant gauges there 
are 16 supersymmetries, q^ and qaA, where a, a = 1,2 and A,B = 1,...,4. These 16 super- 
symmetries are split in a Lorentz non-covariant way into 8-1-8. The first 8, q^ and q2B, are 
realized manifestly by introducing 8 Grassmann coordinates in the light-cone superspace, 9^ 
and 6a. These are called kinematical supersymmetries. They are manifest since the action is 
given by an integral over 8 ^, 6* of the Lagrangian which depends on the light-cone superfield 
$(x, 6, 9) and its supercovarinat derivatives. The commutator of two kinematical supersym- 
metries is equal to p+, i. e. {q^^qis} = 5^b'P+- The light-cone superspace does not have 
Grassmann coordinates associated with dynamical supersymmetry charges q^ and qiB- They 
are called dynamical since the commutator of two dynamical supersymmetries is the light-cone 
Hamiltonian, {qf^qis} = S^b ^^^-^ = 6^bP- for massless particles. 

The Feynman rules for the light-cone superfields are complicated, not Lorentz covariant, 
and they were used mostly to prove the finiteness of the theory [2] , [3] rather than for practical 
computations. 

Here we will try to find a simpler approach to the light-cone path integral relating the action 
to the generalization of the Nair-type |5] off shell superfield developing the proposal in [6], [7]. 
The derivation of the new form of the unitary A^=4 path integral in momentum superspace 
requires few steps. 

Starting from from the light-cone superfield path integral based on the light-cone superfield 
actions P, [2], [1] the proposal requires a) a change of the Grassmann variable tt = ^ into 
a dimensionless one t] = nly/p^)'^ b) a Fourier transform from (x, 6) into a chiral Fourier 
superspace {p,r]) c) a rescaling of the original superfield ^{x,9,9) by a factor p+. In this way 
Lorentz non-covariant factors p+, p±, p± of the cubic vertices are absorbed into the spinor 
helicity brackets. The cubic vertices turn out to be given by the off shell generalization of 
the familiar 3-point MHV and MHV amplitudes depending on Lorentz covariant angular and 
square helicity bracketqj. In this way, the quadratic and cubic part of the action in new variables 
becomes Lorentz covariant, up to a controllable part: S^ + S^ = S^^^ + Sl^^ + S\ + S\. The 
quartic part of the action 5^ remains complicated. 



We split the Feynman rules into a part (i) where only the simple cubic vertices from S^ 
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cov 



'^MHV + ^Yimv ^^^ used, which have manifest kinematical and dynamical supersymmetry and 



Lorentz symmetry, and the rest, part (ii). This part (ii) is complicated, it involves cubic vertices 
from S\, S\ part of the action and the quartic ones, from S'^. Each vertex in part (ii) can be 
shown to break dynamical supersymmetry. 

Since the computation using only the covariant cubic vertices from S^^ are relatively simple. 



^A particular off shell continuation of the vertices in the spinor helicity formalism was suggested for the 
computation of the tree amplitudes in Yang-Mills theory in [8] . 
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the major problem is to find out the role of the part (ii) in the computations of the on shell 
amplitudes. Are all terms in (ii), which individually break dynamical and Lorentz symmetry, 
canceling or do they combine into a non-trivial part of the on shell amplitudes? If they would 
cancel, it would mean that it is safe to perform the computations with rather simple Feynman 
rules in part (i) which have manifest supersymmetry and Lorentz symmetry. However, if the 
terms in (ii) combine into a covariant non- vanishing expressions, it would mean that the simple 
part of the new path integral is incomplete and one has to compute also the supergraphs with 
rather complicated vertices. 

We will perform here a computation of the 4-point tree amplitude as a sample of the com- 
putation using the new path integral Feynman rules. We will find out that part (i) easily gives 
the correct answer in this particular computation. This 4-point computation gives an evidence 
that the split of the Feynman rules into a simple covariant part and complicated non-covariant 
one may be valid also for tree amplitudes with more legs and more loops. If the complicated 
supersymmetry breaking part drops from the result as it does in our example of the 4-point 
tree amplitude, it would mean that the new path integral may become an important tool for 
the maximally supersymmetric QFT. Much more computations will be required to check if the 
simple trend in the 4-point tree supergraph computations will remain valid in more complicated 
cases. 

It would be interesting also to compare the new path integral rules with the unitarity cut 
method [9] which was used successfully in all most advanced computations of the higher loop 
diagrams in A/'=4 SYM and Af=8 supergravity [10] . 



2 New form of the J\f=4 supersymmetric path integral 

In the Brink-Lindgren-Nilsson formalism [IJ the light-cone action in the real superspace basis 
has terms which are quadratic, cubic and quartic in chiral and anti-chiral superfields, $(x, 6, 6) 
and $(x,6',i9), respectively. 

5[$, $] = ^2 ^ ^3 + 5^ (2.1) 



where 



2 9+2 3 \d+ d+ 

(2.2) 

S^ = ^^g-ipbcjade I d^xd'^dd^e[-^{^^d+^')^{¥d+^^) + 1$^$'=$'^$'=] (2.3) 

2 J Oj^ Oj^ 2 

One can see that Lorentz symmetry is broken in the corresponding Feynman rules. Due to the 
CPT invariance of the M=^ supermultiplet the anti-chiral superfield is related to the chiral one 
as follows 

$(x, e^, Oa) = -^d-h^''''''DADBDcDn^ix, 6^, 6 a) (2.4) 



Here $ = ^"t" with t" being the generators in the fundamental representation of the SU{N) 
group. 

We now define the following Fourier transforms of the light-cone superfields consistent with 
the constraint (I2.4p : 

>-ed+ / ^ P j4^ jp-^+v-^s I —'I 



$(x, e, 6) = e-^'-'^^ J ^ A e'^-^""^^ \^—j 0(p, v) (2.5) 

$(x, ^, ^1 = e-^^" ^^+ I ^rf^r/ e^P- S'{e./jJ^ - ir^) [^^ ^{p, v) (2.6) 

The Lie-algebra valued off-shell superfield 0(p, rj) = (l>°'{p, vi)t"' depends only on physical degrees 
of freedom of A/'=4 SYM theory: 

= A{p) + r^Ai^'^ip) + \^VAriB<P^''{p) + j^e^''''''vAriByici'D{p) + ^e^^^^r7Ar/Br/cr/D^(p) (2.7) 

When p^ = 2(p+p_ — p±p±) = this superfield is well known and is used to describe the 
sup er-wavef unction of the physical state with the helicity -|-1. For the path integral where 
4>{p,ri) is the integration variable p'^(j){p,r]) ^ 0. 

When the Fourier transform of the light-cone action (12.11) is performed, one finds that the 
new form of S"^ + S^ depending on the Fourier superspace superfield (j){p, rj) is unexpectedly 
simple, whereas the quartic 5^ terms remains complicated. 

The new path integral for the generating functional of the on shell amplitudes is given by 
expiW[(l)iniz)] = f d(P expz {s[(P{z)]+tr f (fz(Pin{z)p' (P{-z)\ . (2.8) 



where p^(j){p,rj) ^ and p'^(l)in{p,ri) = and z = {p.rj) is the 4-1-4 momentum superspace. The 
integration is defined as d^z = t^^c?^^- The action in (12. 8p has terms which are quadratic, 
cubic and quartic in superfields (j) 

5[$, $] = S[(t)iz)] =S^ + S' + S^ (2.9) 

We derive the new form of the action 5[(/)(2;)] in Appendices B and C where the details of the 
Fourier transformation from S'[$,<l'] to iS[0(z)] are given. Below we present the answer for 

5[0(z)]. 



2.1 New S^ and S^ 



The quadratic part of the new action is 



S^ = --tr [ dh (l){z) p" ^{-z) = -tr I ^^Ap^ A + ... (2.10) 



Here the terms in ... are kinetic terms for the self-dual scalars (j)^^ and spinors tp^, tpA- 
The cubic terms of the new action are also nice and simple: 

i=3 



S^ = tr I \[{(fz4{zi)] (\/i23 + 1^123) (2.11) 



where 



^ (12) (23) (31) ^ ' 

and 

y _ ^ W5'^'KE.P^)5' ([12] Vs + [23] V, + [31] m) 

^^^ [12] [23] [31] ^ ■ ^ 

Here C = |ciC2C3 and q = sgn{pi^) for each of the outgoing momenta. Note that in the 
off-shell cubic action in fl2.lip - fl2.13p the fields 0(-2i) are not on shell, each of the three pf is an 
integration variable. For a general, not light-like vector we will use two types of spinors, A and 

Paa = i^aU + K>^a) (2.14) 

In the context of the light-cone superfields we define them in the Appendix A. One can also 
try to use the prescription for the off shell vertices proposed in [8] where Aq, = Paa't]"' and rj°' 
is an arbitrary spinor, but here we will first start with the light-cone type prescription in the 
Appendix A. 

The 3- vertices in fl2.11l) - fl2.13p have a dependence on the X{p), \{p) spinors as one can see 
in eqs. fl2.12p . (12.131) . However, there is also a dependence on ^{p), ^{p) spinors in of the form 

It is therefore important to define the spinors A(p), X{p) which form the helicity brackets and 
enter in the Grassmannian delta-functions in (12.121) . fl2.13p as well as the spinors ^{p), C,{p) which 
are required for the momentum conservation (5-function. We present the explicit definition of 
these spinors in terms of the components of momentum vector appropriate to the light-cone 
gaugcl in the Appendix A. In particular, we find that for the off shell fields with p^ ^ there 
is a non- vanishing component 11 component of the bilinears of the ^-spinors 

This term is absent when the on-shell supersymmetric 3-point amplitudes are constructed at the 
complex momenta as suggested in [TT], [I2], [13]. The corresponding amplitudes have instead 



^Note, however, that when the Feynman supergraphs are computed and the answer for the generating 
functional of the on-sheh amphtudes, expiW[(l>in{z)] in eq. (|2.8|) . is obtained, it depends on X{p), X(j>) spinors 
for each of the external particles, which are on shell. In this expression there is no need to take any particular 
choice of the A(p), X{p) spinors since the answer for the on shell amplitudes is Lorentz covariant. 



of f l2.15p only the A-dependent part, since each p^ = 0, 

S' $^fe)a« ) = S' ( 5^(A,A^), j (2.17) 

Upon //-integration our cubic action fl2.lip - fl2.13p will produce all twelve 3-point couplings 
for the vector, spinor and scalar fields corresponding to the light-cone gauge, see for example 
eq. (3.13) in the first paper in [T]. 

2.2 New 5^ 

The quartic term in the light-cone superfield action S'^ in eq. (12. 3p is not Lorentz invariant 
and not supersymmetric under dynamical supersymmetry, it is supersymmetric only under the 
kinematical supersymmetry. It is useful to introduce here the following notation: 

-ipij = hjVi - hiVj (2-18) 

and keep in mind that in the light-cone gauge A2 = 2^/^^/p . The 4-point interaction in the 
action consists of two parts 



I \fld'z,<pA (vl + vi), 



S^ = si + Sl = tr I I If d'zi(f)i I {Vl + Vl), (2.19) 

with 



yi ^ _9^ (27r)^(5(^.p^)(5^(^.A2»r7^) (pi+ - P2+) (P3+ - P4+) ('^4. , n ^ ^4. , ^^ 
^ 16 P1+P2+P3+P4+ {P1++P2+) {P3++Pi+) 

+cycl. (2.20) 

and 

32 P1+P2+P3+P4+ 

A direct inspection shows that it breaks dynamical supersymmetry as well as Lorentz sym- 
metry. 



3 Kinematical, q2,q2^ and dynamical, qi^qi, supersymme- 
try 

Spinor helicity formalism is often applied in case of all-outgoing particle conventions. This 
means that the 4-momenta of some particles are negative since some particles are ingoing. To 
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distinguish between particle and antiparticle spinors it has been suggested in [m] to consider an 
analytic continuation rule that the change of the momentum sign is realized together with the 
change of the holomorphic spinors sign, whereas the non-holomorphic spinors do not change 
the sign. For our purpose here, starting from the light-cone superfield action, it is convenient 
to take an opposite version of the analytic continuation rule, namely 

p^ -p , X{p) -^ A(-p), X{p) -^ -X{p) (3.1) 

Thus the non-holomorphic spinors change the sign, whereas the holomorphic spinors do not 
change the sign. In case of the light-cone gauge we present the details of such an analytic 
continuation in the Appendix A. 

Consider the linear transformation of the fields in the action under 16 supersymmetries 

S^ip, T]) = (e"Va + eig^)0(p, v) = (^^Va + eAj^Mp, v) ■ (3.2) 

dr]A 

Here 

- d 

QAa = Xa1]A, Qa = XaT; , C = c" Aq , e^ = C^A^ . (3.3) 

OVA 

In the light-cone formulation of pQ, the kinematical supersymmetry is 5^2 and q^ and the 
dynamical is qai and qf and 

{qt,qBa} = 5^BXaXa (3.4) 

Consider now the supersymmetry variation of the product of n chiral superfields 



where 



ft li r\ 

Qau = / XiaViA, Qa — / . ^ia^ ' (3-6) 

^ "H orjAi 

1=1 1=1 

We will find below that S^ is invariant under all 16 supersymmetries but the cubic action 
S^ is invariant only under 8 kinematical supersymmetries. 

The cubic action consists of two parts S\j^y and S\^ . We will find that Sf^^jy is invariant 
under 8+4 supersymmetries, Qao and Qa2j however, the remaining 4 dynamical supersymme- 
tries Qj^i are broken off shell. For S^ the opposite is true, namely, it is invariant under 
8-1-4 supersymmetries, Qaq and Qa2 but the 4 dynamical supersymmetries Qai are broken off 
shell. The terms which break the dynamical supersymmery Q^j and Qai have very distinctive 
features which will be derived below and which allow to relate them to the contribution from 
the 4- vertices from S^. 

We will show that S'^ is invariant under the kinematical supersymmetry and breaks the 
dynamical one. Here it is useful to remind that the on shell supersymmetric 4-point amplitude 
has the following dependence on r^'s. 

S\Q2)S\Qi) = S'iQ^) (3.7) 



Therefore under 4 +4 supersymmetries, Qi and Q2, it is manifestly supersymmetric. The action 
of the remaining 4+4 supersymmetriers Q^ on 6^{Qa) produces Paa which vanishes due to the 
momentum conservation. 

We have found, however, that the iS^ vertex depends on ?7's via various combinations of the 
following functions 

S\Q2)S\^ij) (3.8) 

where 

^|Jij = Xlr]j - Xlr]i (3.9) 

We will show below that the variation under dynamical supersymmetries, Qi and Qi, does not 
vanish even with an account of momentum conservation for the 4 on shell particles. 

In the covariant formulation of the on shell amplitudes their supersymmetry properties were 
studied in detail in [15], [2]. We are using analogous methods here, however, in addition, we 
have to put particular attention to the off shell properties of the vertices we study. 



3.1 Supersymmetry of S^ 

It will be convenient to rewrite S"^ as 

1 r ^ 

S' = --tr / Il{d'z,<l>iz,)}i2n)'6\p^+p2)6\r],+r]2)pl (3.10) 

^ i=i 
Since pi equals —p2, it means that X{pi) = X{p2) in our prescription (13.11) . This means that 

QAa = K{Pl)'niA + K{P2)ri2A = K{Pl){VlA + V2a)- SiuCC QAaS^iVl + V2) ~ (^71^ + '72yl)^^('7l + 

V2) = 0, the S'^ part of the action has a manifest Q supersymmetry. 



Under Q transformations we find that (\{pi)-Q^ — h \{j)2)-q^] ^^ijli +^2) = ^ipi) + '^(P2)- 
Since pi = —p2 in our prescription (13.1 p we get A(pi) + A(p2) = 0, which proves the remaining 
supersymmetry of S"^. The quadratic part of the action has unbroken 16 supersymmetries 
despite the superfields in (I3.10p are off shell. 

3.2 Off shell broken dynamical supersymmetry of Sl^^y 

We start with Sl.^jjy: 

SUv = ^/^-ni^'^^<^(^^)}(2-)'^^'nE^^)^^^ (3-11) 



The action of QAa = K{pi)via + K{P2)V2A + K{P3)V3A on S^{J2i^iVi) gives zero. However, 

a 

'dVAi 



the action of Q = zJi=i \a^^ is niore complicated. 



3 



Qa iYl ^-^^b) = Y, ^"^« ^^B (3.12) 



i=l i=l 
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If we would have a conservation of momenta in the form Y2i=i ^ai^ai = as in the case of the 
on shell superfields with p^ = 0, we would have an unbroken supersymmetry. However, for the 
off-shell case we find that the Qi component of the dynamical supersymmetry variation does 
not vanish since according to off shell momentum conservation '^''^•'(X^jPi) 



3 2 

pi 



2_^ ^a^ai — — 2_^ ^a^oti , / ^ CiClii — / , ~7^ (3.13) 

i=l i=l 1=1 i=\ V^P+i 

^ 

Thus the action is not invariant under 4 dynamical supersymmetries Q^. It is interesting 
that only if X]i=i ~ vanishes, the dynamical supersymmetry is unbroken. The deviation from 

2 

supersymmetry always include terms with -^(plzi). When the vertex from Sf^^jy is inserted in 
any Feynman graph, the terms which break supersymmetry involve 

P^T {(f){pi, Vi)<P{Pj, Vj)) S^iPi + Pj) ~ P^ — ~ 1 (3.14) 

Pi 

In coordinate space this correspond to 

D,T {<p{x)<p{y)) ^ 6\x - y) (3.15) 

Thus the Lorentz covariant propagator shrinks to a point and the terms which break dynamical 
supersymmetry have a structure of the contact terms. We will see that analogous structures 
come from the 4-vertex insertion. 



3.3 Off shell broken dynamical supersymmetry of S- 



MHV 
Now we study iS| 



MHV 

i=3 



The action of e'XQa on 6^ ([12] 773 + [23] rji + [31] 772) produces an expression which vanishes due 
to Schouten identity without the use of the momentum conservation: 

[el] [23] + [e2] [31] + [e3] [12] = (3.17) 

However, the action of the Qao supersymmetry is only partially symmetric. One can reorganize 
it as follows 

E XMV. = ^ ([12] Vs + [23] m + [31] V.) + t ^«^"(^^) ^"^^^^'^,:,r^^^^'^ (3-18) 

The first term is clearly annihilated by 5^ ([12] rj^ + [23] rji + [31] 772), however, the second term 
is proportional to '^i^iC.a^aiPi)- Thus the Qai dynamical supersymmetry is broken since 
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When the vertex from i S^ ., is inserted in any Feynman graph, the terms which break 
supersymmetry have the same structure as shown in eqs. f l3.14p . (13.151) : the Lorentz covariant 
propagator shrinks to a point. Thus, the dynamical supersymmetry of the cubic part of the 
action is broken as follows. 



%'5|,^y7^0, S.^aS^j^O (3.19) 

In both cases the variation is proportional to y'.-i -^. 

— ''■ -'- 'Pi-\- 

3.4 Broken dynamical supersymmetry of <S^ 

The iS^ vertices depend on ?7's via various combinations of the following functions 

V, ~ 6\Q2)6\^P,J)f^\p)6\P^^) (3.20) 

The fermionic ?7-dependent antisymmetric in the particle position function ipij has an interesting 
simple property under dynamical supersymmetry transformation 

or, in more detail 

Qi{Vi^2j - Vjhi) = hihj - ^ij^2i = [ij] (3-22) 

This is in a sharp contrast with the 4-point fermionic r^-dependent function which is invariant 
on dynamical supersymmetry for the configuration of 4 particles satisfying the conservation of 
on shell momenta condition. The corresponding function is 

Ar ~ 5\Q2)5\Q^)5\P^^) = 5\Q^)5\P^^) (3.23) 

It has the property 

QaAr = o, Q^Ar = o (3.24) 

Direct inspection shows that V4 is invariant under the action of kinematical supersymmetries 

<52^4 = , Q2^4 = (3.25) 

However, for dynamical supersymmetries we find 

Ql^4 = Ql {5\Q2)5\1l^^,)f''^5\P^a)) ~ {mu) nmVJ^i^rj) f^''\p) 7^ (3.26) 

and 

QiV,-^[i3]f'Hv)^^ (3.27) 

Thus the reason why V4 breaks both dynamical supersymmetries is because the ?7-dependence 
in the covariant amplitude 

^r ~ 5\Qi) (3.28) 

is replaced by a different //-dependence 

V,^5\,lj,,)f'^\p) (3.29) 
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4 New Feynman rules 

Consider the 3- vertices fl2.12p and (12.131) . As explained above, they break dynamical super- 
symmetry since ^^ KaKa ~ X]j ^~ 7^ 0- If ^^ the process of the computation of the Feynman 

2 

supergraphs the 3- vertices would be split into the value taken at J2i -^ = and the rest it 
would be 

^123 = (^123)^ p2 +Ai23fe,r/i) (4.1) 

Pi 
where 

Afe,r^.)~E4^ (4.2) 

and Xj is non-singular in pf so that at pf = 0, Ai23{pi,rii) = 0. Same for Vj23 

Vt23 = (^T23)^ P? _, + Al23fe, r^i) (4.3) 

Pi 

where 

A(p.,r/.)~5^4^ (4.4) 

and X is non-singular in pf so that at pf = 0, Ai23{pi, rji) = 0. 

The total action now has been reorganized to the following form 

Here S^ is given in eq. (I3.10p . iS^hV) '^mhv ^^^ defined as follows 

1=3 



sh^-ci.p^.M^, r^;;^';i^-''''' («, 



si^^cftr n{^-.^(.)} ^'"'^- ^- ^- '^' v::^ :!f "- ^ i^^' "-^ (4.7, 



i=l 



[12] [23] [31] 



The terms in the action 5^ -|- S^ are cubic in superfields and have at least one p in each vertex. 

These are terms with ^i^^ which we ignored in 5^hv> '^mhv' ^^^^ ^^^ proportional to — . If 
the relevant leg is an external one with the on shell particle, these terms vanish. However, 
if the relevant field is an off shell field inside the graph, there is an effect explained in eqs. 
(I3.14p . f l3.15p : the covariant propagator shrinks to a point. Analogous terms come from the 
iS^ vertex as both are the so-called contact terms with at least 4 lines in a single vertex, apart 
from possible — singularities. 

We will assume here that the contribution from all supersymmetric terms gives the correct 
answer whereas the contribution from all supersymmetry and Lorentz breaking terms cancels. 
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If the assumption is correct it would indicate that one should only use the quadratic and 
supersymmetric parts of the cubic action in the computation. The complicated quartic action 
is designed to remove from the answer the leftovers from the non-supersymmetric parts of cubic 
vertices. So, if we neglect both, the rules are simple. 



5 Computation of the 4-point tree supergraph ampli- 
tude 

To compute the 4-point connected on shell amplitude given by the terms quartic in 0j„ in the 
generating function W{(j)in) we have to consider the tree supergraphs using either one MHV 
and one MHV, or both MHV, or both MHV 3-vertices as well as a quartic vertex. Here we 
should keep in mind that all superghraphs for the 4-point tree amplitude produce a complete 
tree level amplitude A4'''^'^(l, 2, 3,4). This amplitude can be decomposed as follows 

A*/*^^(l,2,3,4) = ^^ J2 tr[t''H^H^H''^]Al'''^ {1,2, 3, 4) (5.1) 

P{2,3,4) 

The generators of the gauge group f^' encode the color of each external leg 1,2,3,4 with color 
group indices a^. The sum runs over all noncyclic permutations of legs, which is equivalent to 
all permutations keeping one leg fixed (here leg 1). In case of interest we have 6 permutations, 
namely 

(1234), (1243), (1324), (1342), (1423), (1432) (5.2) 

The first 2 cases can have only poles in Si2 = S34 the next 2 cases can have only poles in S13 = S24 
and the last 2 cases can have only poles in S14 = S32. In each of these six tree supergraphs we 
would have a factor of | if we would use the total vertex, MHV+MHV. Equivalently, we may 
skip I and consider graphs with the leg 1 only in the vertex MHV and the other vertex is MHV 
vertex. In such case we have 4 supergraphs for the cases with poles in S12 = S34 and S14 = S23. 
In each of these cases the nearest neighbors are 1 and 4 or 1 and 2 but not 1 and 3. These 4 
graphs will give contribution to each of the 4 partial amplitudes. If we want to have just one 
of them we have to compute only one graph, for example with MHV vertex with 1, 4 , P and 
the MHV vertex with 2, 3, P shown in Fig. 1. The second has 2 and 3 in the opposite order. 
The third one has 1, 2, P MHV and 3, 4, P MHV vertex. The fourth one has the same as the 
previous one but with the opposite order for 3, 4. 



5.1 One MHV and one MHV vertices 

For the color ordered partial 4-point tree amplitude, as explained above, we have to compute 
the supergraph shown in Fig. 1, where there is an MHV vertex with 1, 4, P and the MHV 
vertex with 2, 3, P. In addition we have the corresponding part of the contact term, presented 
in Fig. 2. Other supergraphs, as explained above, will contribute to other terms in eq. (15. ip . 
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MHA'^ * MHV) 



Figure 1: The expression for this graph is presented in eq. (I5.3p 




Figure 2: A contact term from the S'^ vertex 

The computation done in sec. (3.1) in [11] based on the supersymmetric recursion relation 
is very close to the one we perform here. The difference is that our vertices are off shell and we 
split the expression into two parts, with and without pf terms. And in the Feynman integral we 
have to take into account more graphs, a priory. A special choice of the shifts in super-momenta 
leads to significant reduction of the amount of supergraphs, only the superghraph in Fig. [T]has 
to be computed. It is also interesting that this single supergraph based on recursion relation 
gives the correct cyclic symmetric answer. Therefore in practical terms when there are more 
supergraphs in the path integral, for the case at hand, they give the same answer. 



For the supergraph with an MHV vertex with 1, 4 , P and the MHV vertex with 2, 3, P in 
Fig. 1 we have to integrate over P and rjp the following expression 



SHpi+P4 + P)6%X'r]i + X% + X''7]p)6\-P + p2+P3)6\r]p[23] + r]2[3P] + r]3[P2]) 

P2(41)[23](1P)(P4)[P2][3P] 



(5.3) 



Here the angular and square brackets are defined in eqs. (]A.6|) . (1A.10|) and do not require the 



on shell conditions since p- does not enter the definition of the brackets and does not have to 
be equal to Si^i for each particle. 

Note that for the on shell Pi,P2,P3,P4 we may use the momentum conservation in the form 
6^{{\\y + (AA)'^ — (AA)'^ — {C,0^)- The answer can be presented, as suggested in the previous 
section, by splitting it into 



i) part, where we replace 5^(p2 +P3~ P) by (5^((AA)2 + (AA)3 — (AA)p), corresponding to using 

'•3 

MHV 

15 



only 52 + 5^jjv + ^Lw^ ^nd 



(ii) part, which has a factor (^^p)ii = ^p corresponding to using also 5a + S-^ + S^ 



5.1.1 Using only 5^hv ^"d >S|jjj^ vertices 

Here we use only the part of the cubic vertices which is supersynimetric and is defined in eqs. 
dUD, (I13D> We now use the fact that in eq. flSlSj) 




Figure 3: The computation of this graphs leads to an answer in eq. (16. 9p . 

,, . 51&_Z^ ,5.4, 

We insert this expression into b^{}^r]\ + \^r]^ + X^rjp) and find 

,s ff ,,,_ ^ ,.(AnP3|-V|23])-^,,3(AnP2]-An32])\ ^^^^ 

where we also added and subtracted A^?72 + A'^?73. We rearrange the argument of the fermionic 
(5-function as follows 

5' (± X% + ■.(A'-A'--A^P-A3A3)A3-,,(A''K-A^P-A3P)aA j^^j 



,j=l 



If according to the prescription (i) and eqs. (14. 6p . (14. 7p we use (AA)^ + (AA)^ — (AA)"^ = 0, the 
fermionic (5-function (15. 6p becomes 



.(gv.) 



(5.7) 



Using the same prescription (AA)^ + (AA)^ — (AA)^ = we now simplify the remaining terms 
in (15. 3p . namely perform the replacements 

(IP) [P3] = (12) [23] , (4P) [P2] = (43) [32] (5.8) 

and integrate over P and rjp. Note also that 

[23]^ 1 



(23) [23] (41) [23] (12) (34) [23] [23] (12) (23) (34) (41) 
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(5.9) 



This reproduces the correct 4-point on shell amplitude, the quartic in free fields (^m tree answer 

H^-(.,„)^/../n{/..a.)^(pm '"|gg^-S|f-' (5.10) 

This answer for the amplitude is already cyclic symmetric. In [B] the answer analogous to eq. 
(16.91) was predicted for the light-cone computations (see eq. (2.19) in Af=8 supergravity case). 
Here we have demonstrated the mechanism (in the computation in A/'=4 SYM case) which 
actually produces the answer expected from equivalence theorem, as suggested in Sec. 3 of 
[6]. It is not surprising that in the tree approximation the equivalence theorem is confirmed, 
no anomalies would violate it. Still it is satisfying to have a mechanism which converts the 
light-cone supergraph path integral into the one which produces the covariant answers. 

Generating functional versus amplitudes 

To find all tree amplitudes, as shown in (15.11) . from the generating functional (16. 9p we have 
to look at the matrix element of iy^(0m) between the vacuum and 4 outgoing states, with 
qi,rii,t"'^ etc. We have to perform a contraction between 4 fields 4>in{zi) and 4 external states. 
If we agree to always contract 0j„(-2i) with gi, r^i, t"-^ the remaining 3 superfields (t)in{,Z2), 4>in{z3), 
(pinizii) may be contracted with the remaining 3 external states in a way which will result in 
permutation of 2, 3, 4 as explained in (15.11) . Only one of these terms will give us a color ordered 
amplitude we are looking for, namely the first term in (15. 2p . Therefore we conclude that 



,treen , , , ^ _ . (2vr)^'^'(E ?.)5'(E. AH^H) 



^ ^ ' ' ' ^ ^ (12) (23) (34) (41) ^ ' 

5.1.2 Adding S\, S\ and S^ vertices, which cancel 

Now we have to look at the terms which were neglected so far in our computation of the 4- 
point on shell amplitude. A priory, one can expect two possibilities. The first one is that all 
supersymmetry/Lorentz symmetry breaking terms from 5a, 5^ and 5^ vertices add together 
to something which is supersymmetry/Lorentz symmetry preserving. The second possibility is 
that they cancel. In such case we should see the mechanism of cancelation. 

There is an extra ^^-dependent term in the fermionic, ?7-dependent part of the amplitude, 
and in the bosonic ?7-independent part of the amplitude. In all cases, there is at least one factor 
of P^ which cancels the covariant propagator 1/P^. The corresponding "shrinking tree" graph 
is actually a contact term, since n^T(0(X, 77)0(x',r7') ~ 5^{x — x'). We present a corresponding 
graph symbolically in Fig. HI The first place to look at is the fermionic term in eq. (15.121) 
where now we have to keep the terms with {S,C)^ 

^' [t >^i) ^' [t ^" - "-«^^"^''',.-,"-«^^"^^'- ) (5.12) 

For on shell case with P2=P3 = the new term proportional to P^ is 



^23j vA-A-//^ii p3] yp^j |32] yp^ 
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-H- 



Figure 4: A "shrinking tree" supergraph, which has a propagator 1/P^ canceled by P^ term in 
the nominator. 

Thus for the on shell case the "shrinking tree" contribution to the 4-point amplitude is propor- 
tional to 

4 

Contact -nY.^2^V^)m'^2) (5.14) 

i=l 

Here we have recovered the same 77-dependence as coming from the 4-vertex in S*^, see eqs. 
(ESD, (E2Q]), (lOTll . Note that P V in ( ]513|1 since after P integration P^ = (^^ +^3)^ ^ 0. 
The procedure of computations used here was to treat (15.31) as follows. The total expression is 

p2 . We present it as p2~ H p2 — — ^. The first term corresponds to ignoring terms 

proportional to P^ in X{P). Therefore the first terms has a pole in P^ = (^2+^3)^) the second 
one does not have such a pole and corresponds to a contact term. 

Thus we have found by computation that all dependence on Grassmann variables 77 both 
in the quartic term in the action corresponding to the contact term in Fig. [2] and the one 
in the 4-point shrinking tree supergraph in Fig. H] are exactly the same, Fij{X2,X2jV) — 
^'^iJ2i=i ^2iVi)^'^{Vi^2j ~ Vj^2i)- I^ both cases this 77-dependent function is multiplied by a 
function of momenta: for the contact term let us call it Pcont(p) ^^^ for the the shrinking tree 
let us call it BH^^lp). For the quartic terms in the action the complete answer is given in eqs. 
(2.20)-(2.21). For the shrinking tree supergraph in Fig. H] we have established the complete 
77-dependence, which we found the same as in the contact term in Fig. HI As the result, the 
sum of these two supergraphs in Figs. [2] and H] will be given by a function of rj, Pij(A2, ^2,1]), 
which is a common factor for both supergraphs, times the sum of the functions of momenta 

A,{Sl Si S') = P,,(A2, A2, v) [BtM + BlLip)] = S\Q2)S\^^J) [stM + BlLip)] 

(5.15) 
The supersymmetry generators act only on //-dependent factor, namely, the action of 8 kine- 
matical supersymmetries is given by Qa2 = Z]i=i ^2iViA and Qf = X]j=i ^2ja^- Both Qa2 and 
Q^ annihilate Fij, namely QA2Fij = QfFij = 0. However, both dynamical supersymmetries, 
Qai and Qf, do not annihilate Fij as explained in Sec. 3.4. Moreover, it is known that the 
unique 4-point amplitude has the Lorentz covariant dependence on 77, it is given by 

4 4 

A,{S^) = 6' Y.^\2^Vi)S' ^(Ai,r/,)P(p) = 6\Q2)6\Q,)B{p) = 5\Q^)B{p) (5.16) 



This means that ^4(5^, S^, 5^) must vanish. Thus the role of 5^ is to cancel the supersymmetry 
breaking "shrinking tree" contribution to the 4-point amplitude, shown in Fig. 6. 

The second source of the bosonic terms with S^, S^ vertices comes from the correction to 
the eq. (19.61) which with the account of the omitted ^^-dependent terms is given by: 

(IP) [P3] = (12) [23] - X'mp'^' , (4P) [P2] = (43) [32] - \'mp>^' (5-17) 

In the 4-point amplitude 

[23]^5^ (Eti pO s' (Eti A«.^0 _ s' (E ti p^) s' (e:=i >^a.m) 



(23) [23] (41) [23]((12) [23] - Ai3)((34) [23] - A42) (12) (23) (34) (41) - A 

the extra terms are Lorentz non-covariant terms A^'^ = X^{C,Op^^ ^^^ A^^ = A^(^^)pA^. 



(5.1^ 



The extra bosonic terms come with 77-dependence and momentum dependence of the form 
which is manifestly super symmetric, namely, with 6'^{P)6^{Qa)- 

One finds that the terms originating from A^^ and A"^^ lead to the expression for A which 
is proportional to 

(12) (34) (23) 

Here we are using the spinors A and /i as they come from the light-cone gauge, given in Appendix. 
A is linear in pi±, since the expression is linear in angular brackets and all A2 and Ag depend 
only on p^. A choice of the frame, A{pi_j_,pi^) = removes the Lorentz non-covariant terms 
from the amplitude. 

In conclusion of this section: adding supergraphs with Sa, S^ and iS^ vertices did not affect 
the answer for the 4-point on shell amplitude since all additions cancel. 



5.2 2 MHV or two MHV vertices 

Now we compute the supergraph in Fig. 5 with 2 MHV vertices. We find that for this compu- 




Figure 5: Two MHV vertices 
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tation it is simpler instead of the spinor product expression to use the vertex in the form of eq. 
(IB .6 1) for both vertices which are connected by a propagator 5^{rip + ri^p)/ P"^. After integrating 
out the Grassmann variables the answer is proportional to 

(12) (34) 

^ '^ ' (5.20) 



(34) [34] • 

This expression has to be made cyclic symmetric for the description of the partial color ordered 
amplitude, thus we add ■Wjrnjr. The result vanishes due to momentum conservation ^j^j^ AjA, = 
0. 

(12) [41] + (23) [34] = (5.21) 



In the case of two MHV vertices one finds the same situation, the contribution to the cyclicaly 
symmetric partial color ordered amplitude vanishes. 

Grassmann degree argument 

Following [18] we may employ the Grassmann degree argument to prove that the 4-point 
light-cone amplitude with 2 MHV or two MHV vertices must vanish. Indeed, the resulting 
4-point amplitude MHV has Grassmann degree 8. However, in the case of 2 MHV vertices one 
finds the Grassmann degree 

2x8-4 = 12 (5.22) 

Each MHV gave 8 and one propagator gave -4. 12 is not possible for the 4-point MHV amplitude, 
so the supergraphs on Fig. 7 have to cancel, which we also checked directly. The 4-point 
amplitude in the case of 2 MHV vertices has the Grassmann degree 

2x4-4 = 4 (5.23) 

and again, this is not equal to 8. The amplitude should vanish, as we have seen above. 



Only the case of one 3-MHV vertex and one 3-MHV vertex has a correct Grassmann degree 
-|- 4 — 4 = 8 for the 4-point amplitude. 



6 Background field method for the tree level light-cone 
superfields 

It is convenient to use the background field method [19] to present the compact total answer for 
all light-cone tree amplitudes in terms of the background field v^[0in] which solves the classical 
field equations in presence of the external source J[0in]- To compute the path integral in eq. 
(12.81) we expand it around a stationary point. 
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6.1 0^ example 

We remind the procedure for the case of a simple action of a scalar field with cubic interaction. 
The generating functional for the connected Green functions is 



f^Z[J] 



expi(^[0] + Ji0*) . (6.1) 



where S[(j)\ = ^(l)''S^ij(f)^ + \^S ^ijucf)^ 4^ (f)^ . In condensed DeWitt's notation [19] a summation 
over i includes the integration over d'^x. The S'-matrix is obtained via LSZ reduction which 
corresponds to replacing the external source term Jj0* by = (pl^S ^ijcf)^ , which leads to 



exp iW[ct>,,] = Jd<P exp t (^[0] - <jiJ,,<P') . (6.2) 



Here (pin is a free field satisfying equation Sij(j)\^ = 0. The stationary point </?* is given by the 
equation 

S,i - S^ij4>l^ = S,ijif - 4>my + S.ijkip^ip'' = (6.3) 

The Green function is defined as an inverse to the differential operator of the quadratic terms in 
the action S^ijG^^ = —S^. Here 5f includes also 5^(x — x') since the Green function is non-local. 
The stationary point of the path integral defines the background field V5[0in]: 

^' = (PI + G^'S.kiv'v' (6.4) 

This equation has an iterative solution 

oo 

71=2 

which shows the decomposition of the background field into a tree-graph structure with any 
number of legs. The value of the exponent of the integral (16.21) at the stationary point is 

1 ■ 1 ■ • 

W[(p, 0in]tree = ^{^ - (pinY S Aj{v - (pinY + -SAjk^^'^f^if'' (6.6) 

where we used the fact that (p\nS,ij(p\a = 0. 

We may rewrite it in the form where it depends only on the background field (^[^m], using 

(E3D 



W^b[0in]]tree = "^^.H^V' G'^ Sj^pCp'^r + ^S^^jk^ 



(6.7) 



When one inserts the iterative solution of (16. 4 p for (p in terms of (pin as shown in (16. 5p . one finds 
all tree diagrams of the theory. 

For example the 4-point amplitude comes from two sources: from the first term we get 

-ls,M<Pl<PLG''S,np<Pl<f^r. (6.8) 
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From the second one one finds the same terms with the coefficient +1. The total contribution 
to 4-point generating function is 

WLe = ls,M<Pl4n G'' 5.np0r„0fn (6-9) 

We may present it in the form 

<ee = WulnAA.4^An (6-10) 

It connects two 3-point vertices by a propagator. The S'-matrix element can be computed when 
this expression is inserted between physical states with particular momenta etc. 

For the 5-point generating function one finds, by keeping one more power of 0in in the 
expansion, 

WLe = -SMt€ G'' 5,„pC G^- S,^,r<Pl^l (6.11) 

This is a graph which connects three 3- vertices by two propagators. Or, equivalently, it may be 
understood as a 4-point amplitude in which one off-shell leg was replaced by the second term in 
(16.41) . The corresponding recursion relations remind the ones, derived for the tree- level gluons 
in EDI. 



6.2 Application to J\f=4 light-cone supergraphs 

In the apphcation to the A/^=4 light-cone supergraphs we propose to use the Feynman rules 
as explained above, in the computation of the 4-point amplitude (15. lip . In the background 
field method the quadratic part of the action will define S^ij and its inverse G*-', whereas the 
cubic part will define S^ijk- We will not involve the quartic vertex, however, we will have to 
perform the computation as explained in Sec. 5 where the shrinking tree supergraphs are also 
neglected. One can now check that the 4-point generating function, proposed in (16.91) . (16.101) 
will correspond to the computation leading to 4-point amplitude (15.111) . 

For the computation of the 5-point generating function it is helpful to use the expression 
given in the background field method in (16.111) . It means that we have to take a 4-point 
amplitude and contract one of its legs to the 3-point amplitude. The 4-point amplitude is 
MHV, however, the 3-point amplitude may be either MHV or MHV. In case, it is MHV, we 
get a 5-point amplitude with the Grassmann degree 8+4-4=8 and we get the MHV 5-point 
amplitude. This is the case closely related to the computation we did for the 4-point amplitude 
in Sec. 5 where we contracted a 3-point MHV vertex with the 3-point MHV. For the 5-point 
case the computation is almost the same as for the 4-point case, we will present it below. 
For the NMHV 5-point amplitude one has to contract, according to (16. lip , the 4-point MHV 
amplitude with the 3-point MHV, the Grassmann degree will be 8+8-4=12, which is required 
for the NMHV amplitude. The details of the computation are below. 
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7 Computation of the 5-point tree supergraphs 
7.1 MHV case 



For the supergraph with an MHV 4- vertex with 1, 5, 4 , P and the MHV vertex with 2, 3, P in 
Fig. 1 we have to integrate over P and t]p the following expression 

S\pi +P,+P4 + P)6\X% + X% + X% + A V)(5^(-P + P2+ P3)6\vp[23] + y^jSP] + vs[P2]) 

P2 (51) (45) [23] (IP) (P4) [P2][3P] 

(7.1) 
We now use the fact that rjp = — — L^ — -. We insert this expression into 6^{X^rji + X^rj^ + 

A^r;4 + X^Tjp) and find 

^8 fy- X\ + ^2(A^[P3]-A^[23])-ry3(A^[P2]-A^[32]) \ ^^^^^ 

We rearrange the argument of the fermionic ^-function as follows 

5 / \ P\ P \9T9 \..^T_q\T:^ / \ P\ P \9T9 \..^T..^\T2' 



8/>A , r/2(A^A^ - A^A^ - X^X^yX^ - r^^iX^X^ - A^A^ - X^X^)X'' 
d 2^ A r/i + 



[23] 



(7.3) 



According to the prescription (i) in sec. 5.1 we use (AA)^ + (AA)"^ — (AA)^ = 0, the fermionic 
5-f unction (17. 3p becomes 



5 



6' ^ X\ (7.4) 



,i=l 



Using the same steps as before we find 

[23]^ 1 



(23) [23] (51) (45) [23] (12) (34) [23] [23] (12) (23) (34) (45) (51) 
This reproduces the correct generating function for the 5-point on shell amplitude 

{2nr6\j:p,)6%j:^x\ 



(7.5) 



WH,-..) ^ ,Hr J Ui<^^.M.m)} ^ (I^);^ (^34)'(g (5^ ^'-'^ 



7.2 NMHV case 

Here we have to contract a covariant part of the 3- vertex (1P5) with the 4-point amplitude 
(234P) via a propagator 1/P^. The relevant expression was also studied in [11] in the context 
of recursion relations. It has a denominator and a nominator. We start with the denominator 

[34]^ (7.7) 



P,\ (IP) (P5) (51) (P2) (23) (34) (4P) nli N + 1] (15)' (2P) 
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The Grassmann part of the nominator is 

f d\p 6\\\ + A^r/5 + A^r^p) 6\X% + X% + \% - X'^Vp) (7. 



Here we can first rewrite it as 



6'{X'r]i + X% + X% + X% + X%) J d^'qp 6'{X% + X% + X% - X^'rip) 



(7.9) 



Now we observe that 



i^E(-)'.)^^(.-(^E<->.^) 



{2Pr 

(7.10) 
We now perform the rjp integration and find that the nominator becomes 

{2P)U' [y^X^vA 5' [rj, + ^((^3)r/3 + {P^)vS) (7.11) 

To combine the nominator with the denominator we have also to take into account that the 
properties of the 4-point amphtude hke (3P) / (2P) = [24] / [34] . The result for the 5-point 
tree supergraph NMHV amplitude is 

•J 4 = 1 \1^/ llj=l [^^ + IJ 

(7.12) 
This agrees with the 5-point NMHV amplitude given in eq. (2.25) of [12j. However, it was 
derived there from the known expression for the MHV amplitude via the transition to the anti- 
chiral basis ?7 — )• f/ variables and back. Here we have computed the 5-point NMHV amplitude 
via the rules of the background field method version of new path integral. 



8 Computation of the MHV n-point color ordered am- 
plitude 

This case is a simple generalization of the 4-point and 5-point MHV cases above: the (n — 1)- 
point MHV amplitude is contracted with the 3-point MHV vertex. The {n — l)-point MHV 
amplitude comes with the (5-function of the form 5^{pi + Pn + ■■■ + P)5^{X^rji + X^rjn + ••• + 
X^rjp). According to rules above this 5- function, when multiplied on the 3-point MHV vertex 
function, is resolved to produce the required S'^(^^^^pi)S^ (^i=i A*?7i) . The extra angular 
brackets defining the (n — l)-point MHV amplitude are exactly the ones which produce the 
complete set of angular brackets for the n-point MHV amplitude, as it was shown in detail for 
the 4- and 5-point cases. 
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The corresponding recursion relations are very much in spirit of the ones, derived for the 
tree-level gluons in [20] where, in particular, the MHV amplitudes were shown to solve the 
recursion relation. The same for the light-cone superfield amplitudes, in MHV case they solve 
the recursion relation associated with fl6.5p . (16 ■4p . Moreover, since we deal with the light-cone 
scalar superfields, we do not have to deal with the complicated kinematics, we effectively take 
an [n — l)-point MHV amplitude with one leg off shell and it is replaced by a second term in 
()6.5I) . which upon integration over P,rip produces the ra-point MHV amplitude. The result is 



9 Computation of the 6-point NMHV tree supergraphs 

Here we will not go into details of the complete 6-point amplitude as given by the background 
functional method, this will require more studies in the future. However, we will show here that 
a contraction of the two 4-point MHV amplitudes, using the rules of the new path integral, does 
produce a correct 6-point NMHV amplitude, which has a correct Grassmann degree 8+8-4=12. 
It is interesting here that we are not using a the complexification of momenta and shifts which 
are usually used for the recursion relations, as for example it was done in the computations 
of the all tree-level amplitudes in [18]. Reading [18] one gets an impression that the factors 
of the type 7-, — ^ — ^n come from the momentum shifts, and therefore it is difficult to see how 
they could arise from Feynman rules without shiftqj. In our computation one can see that such 
terms originate from the the Grassmann integration. 

Thus we contract a 4-point amplitude (123P) with the 4-point amplitude (456P) via a 
propagator 1/P^, 

rf^PrfV 6\pi +P2+P3 + P)S\qi + g2 + g3 + qp) S\P4 +P5 + P6- P)S\q4 + gs + ge - qp) 
P2 (12) (23) (3P) (PI) (P4) (45) (56) (6P) 

(9.1) 
where qi = X^rji. The integration over P leads to P = —{P1+P2+P3) = P4 + P5+P6- Meanwhile, 
for the 4- vertices the rule is to use the expressions where (5^(pi + P2 + Ps + P) is replaced by 
(5^((AA)i + (AA)2 + (AA)3 + (AA)p) This means that the 4-vertex is taken at all momenta on 
shell, namely ^1=^2=^3 = -^^ = 0- And the same for the other 4-vertex. 

First we use the momentum conservation for the second 4-vertex 5^((AA)4 + (AA)5 + (AA)6 — 
(AA)p) and find that 

l^«l' (9.2) 



(Pi) (45) (56) {6P} [P4] |45] |56] |6P1 (iP)' 



^We are grateful to J. Kaplan for a discussion of this issue 
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Now we reorganize the second Grassmann part 

\fc=5,6 ^ ' / \ fc=5,6 ^ ' 

We now perform the P and rjp integration and find 

(P5) (P6) A [56]^ 



Vk] (9.3) 



We.. W§-'- <*^Py--Py*)) 



,=1 y V.=i / ^ <^^^ (P4)'"7p2[p4][45][56][6p](i2)(23)(3P)(Pl) 

(9.4) 

[56] 

[46] 



We have to take into account that the properties of the on shell 4-point amplitude like -j^ 
^jjJ-. This leads to the following 



•^^ y"Pi i (5M y \'r]i ] 5^ ivAm + r75[64] + r^M^])) ,, ,, ^, — — , , , , , 

V^i j \H j ^^^ P2[45][56](1P)[P4](3P)[P6] (12)(23) 

(9.5) 

Note that 

(lP)[P4] = (l|P|4] = (lb2+P3|4] (9.6) 

and 

(3P) [P6] = (3|P|6] = (3b4 + P5|6] = (3bi +P2I6] (9.7) 

Introducing the standard notation we can represent the NMHV 6-point amplitude as 

y fj- (12) (23) (34) (45) (56) (61)^ i46 j ; v ; 

Here 

^^^e = P2[A^][J]m^^^i^^li^!l? ^ I.] ^'(^^[56] + r^5[64] + r^6[45]) (9.9) 

P^[45J[56J (l|p2+J33|4J (3|]9i +P2I6J 

and (Pi46+ cyclic) means P146 + P251 + P362 + P413 + P524 + ^635- This agrees with the 6-point 
NMHV amplitude given in 



Note that various contact terms proportional to P^ have beed neglected according to "rules" 
established for 4-point amplitude where such terms are cancelled by the contribution from the 
original 4-point vertex, which was also neglected. This computation is rather interesting since 
it gives an evidence that starting from the unitary light-cone superfield path integral for A/'=4 
super- Yang-Mills theory, one can develop a manifestly supersymmetric unitarity cut method. 



10 Conclusion and Discussion 

We have reorganized the light-cone supergraph path integral for A/'=4 Yang-Mills theory using 
the Lorentz covariant spinor helicity formalism. The Feynman rules in a Fourier superspace 

26 



produce the on shell amplitudes which are split into a part (i) which at every step of com- 
putation preserves the unbroken 16 supersymmetries, 8 kinematical and 8 dynamical ones, as 
well as a Lorentz symmetry. The part (ii) has a contribution from vertices which individu- 
ally break dynamical supersymmetry and Lorentz symmetry, they preserve only a kinematical 
supersymmetry. 

Given this split of the answer into a covariant part (i) and the non-covariant part (ii) one 
would like to find out if the sum of the supergraphs in part (ii) cancels or combines into an 
additional covariant part of the answer. 





Figure 6: The total 4-point tree amplitude is given by the sum of two supergraphs: a tree 
with the 3- vertices MHV and MHV, and a contact term. Each of these two supergraphs breaks 
dynamical supersymmetry and Lorentz symmetry. 

According to the path integral the total 4-point tree amplitude is given by the sum of the 
supergraphs presented in Fig. 9. It consists of the tree supergraphs with the 3- vertices (I2.12p 
and (I2.13P and contact terms with 4-point vertices (I2.20p and (I2.2ip . 

For the tree level 4-point amplitude we have computed the (i) part of the supergraphs and 
analyzed the (ii) part. The MHV - MHV supergraph on the rhs of the Fig. [6] consists of 
two contributions described in details in Sec. 5. One part is supersymmetric and Lorentz 
covariant and employs only S%j^y and i^l^jj^ vertices, see Sec. 5.1.1. This is the (i) part of 
the computations. The other contribution is what we call a "shrinking tree" contribution, see 
Sec. 5.1.2. Thus, together the 4-point amphtude has 3 contributions, see Fig 10: a manifestly 
supersymmetric one, (i) part of the amplitude, the first term on the rhs of Fig. 10, and part 
(ii): two terms breaking supersymmetry: a "shrinking tree" contribution, the second term in 
Fig. 10, which is a leftover from the MHV - MHV supergraph after the covariant part (i) was 
taken out of it, and a contact term, the third term in Fig. 10. 

One of the interesting and unexpected results of the reformulation of the path integral 
proposed in this paper is the cancellation of contact terms in the 4-point tree amplitude. There 
are two sources of the contact terms in the 4-point amplitude. There is a contribution from the 
S\,S^ vertices in a "shrinking tree" supergraph, and from the S^ vertex. 

In the case of the tree 4-point amplitude we can clearly see that these two sources of the 
contact terms must cancel. The answer in eq. (16. 9p coming from the simple and manifestly 
supersymmetric vertices S\j^y and t S?,^ is already a correct one. It has 16 supersymmetries 
and is Lorentz covariant. It is unique, up to an overall factor. 

Both contact terms, the second and the third one in Fig. [71 break dynamical supersym- 
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Figure 7: The MHV - MHV supergraph in the Fig. [6] is spht into a supersynimetric part, with 
^tiHV ' '^Mhv Vertices, the first term on the rhs and a "shrinking tree" supergrapgh, the second 
term on the rhs. Together with the third contact term on the rhs, the second term forms an 
(ii) part of the answer, which vanishes for the on shell 4-point amplitude. Only the first term 
in the rhs survives and gives the correct answer. 

metry and Lorentz symmetry. They both depend on the Grassmann variable r/'s via some 
combination of the functions 5^{ipij)^ breaking dynamical supersymmetry. Therefore adding 
two contributions with the same dependence on r^'s will not convert this dependence into the 
one we need for unbroken dynamical supersymmetry, namely 5^{Qi). Thus, the contributions 
from the "shrinking trees" and from the 4-point vertex can't combine into an expression with 
dynamical supersymmetry unbroken, they can only cancel. So, at least at the level of the 4- 
point tree amplitude, which we studied so far in the framework of the new path integral, we 
do not need to know the detailed form of all complicated terms which break the dynamical 
supersymmetry, they cancel. 

In this respect it it interesting to ask: why the path integral provides the last two terms in 
the rhs of Fig. [TJ which cancel anyway. The surviving contribution, the first term in Fig. [TJ 
has an interesting feature associated with the recursion relations [12], [H], [13] for the on shell 
amplitudes. In our path integral the surviving first term on the rhs of Fig. [7] has vertices S\j^y 
and c S?^ which are taken at the residue of the pole, at P^ = 0. In the situation with the 
recursion relations this means that the vertex vanishes, unless some of the outgoing momenta 
in the vertex are complexified. Meanwhile, in the path integral the tree supergrapgh with MHV 
- MHV vertices, the first term in the rhs of Fig. |6l is given by the expression where the vertices 
are not taken at the residue of the pole. So the total MHV - MHV tree graph puts no restriction 
on the external momenta, therefore it is not necessary to complexify the momenta. However, 
it turns out that the total answer for the tree MHV - MHV supergraph can be split into two 
terms, one which correspond to the vertices at the residue at the pole, S\j^y - S^j^^^ and the 
other one, the "shrinking tree" graph. Besides, there is also a contact term, the last in the rhs 
of Fig. [71 It cancels the "shrinking tree" graph and the answer is only the first S\,^^y - S^j^^ 
term in Fig. [71 

If the mechanism of cancellation of the complicated non-supersymmetric contributions to 
the on shell amplitudes would work also for more external legs and more loops, it would simplify 
the computations significantly. 

For 7\/'=8 supergravity the analogous reorganization of the light-cone path integral would 
be extremely desirable. It is likely that at the tree level all steps which were performed for 
A/'=4 supersymmetric Yang-Mills theory will also work for A/'=8 supergravity. The action is 
known only up to a cubic order in superfields. If the mechanism of compensation of contact 
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terms with broken dynamical supersymmetry, which we have found in Af=4 SYM, would work 
in J\f=8 supergravity, it would mean that all complicated contact terms in the action are simply 
designed to remove the supersymmetry breaking terms from the graphs with cubic vertices only. 
In such case everything may be simplified, which would make this approach to general analysis 
and actual computations quite efficient. 
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A Notation 

In this paper we adopt a shorthand notation for light-cone coordinates 

x± = {xo±X3)/V2, (A.l) 

where the transverse components are given by 

x± = (xi + ix2)/V2, x± = (xi - ix2)/V2. (A.2) 



In these coordinates the fiat metric is off-diagonal. The scalar product of two 4-vectors x and 
y reads 

X -y = x+y-+x^y+-x±y±-x±y±. (A.3) 

Similarly, we define derivatives in light-cone coordinates 

a. = ^ = -^(5.„ -d.,),d, = ^ = ^(5., + .5.J, a, = ^ (A.4) 

For negative p+ its square root is defined as ^/p^ = sgn{p+) |p+| , therefore for this prescrip- 
tion A picks up a minus sign when p is reversed while A remains unchanged: 

Ki-p) = Kip), Ki-p) = -Kip)- (A. 5) 

To make the light-cone notation compatible with the helicity formulation we chose holomorphic 
and anti-holomorphic spinors as follows 

P± 

A. = ^ I I , A^ = 2V^v^ I '^ I (A.6) 
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e. = 7,ui-i= I I , e« = ^^ I I • (A.7) 



Thus 




A,A^ = V2 \ , iaia = V2\ (A. 




and 



iaia + A«Ai = ^2 = Paa (A.9) 

Now we may introduce the angular and square spinorial brackets 

{pq) ^ e"^A.A, = ^M,, [pq] ^ e^^KX^ = V2{pq} ^^^^ (A.IO) 

where the round and curly brackets stand for 

(pq) =p+q±-q+p±, {pq} = P+q± - q+P±- (A.ll) 

Note that in terms of spinor brackets the scalar product is given by 2p ■ g = (pq) [pq], which 
retains the correct negative sign assignment when one or both of the momenta flip the sign. 



B From the light-cone superfield action to a covariant 
one 

The light-cone action fl\ in the real superspace basis has terms which are quadratic, cubic and 
quartic in superfields, see eqs. fl2.ip - fl2.3p . The anti-chiral superfield is related to the chiral 
one as shown in eq. fl2.4p . We have defined in eqs. (12. 5p and (12. 6p the Fourier transforms 
of the light-cone superfields consistent with the constraint (12. 4p . Here we will prove that our 
definition of the transform in eqs. (12. 5 p and (12. 6 p is consistent with the constraint 



With the unconstrained superfield depending on new super-space (f){p, t]) defined by the 
generalized Fourier transform (12.50 of chiral superfield, it is straightforward to derive the cor- 
responding transformation for anti-chiral superfield. We substitute the expression (12.51) for 
$(a;, 6, 9) and rearrange factors associated with different SUSY indices so that 



where T^ = e^ ^ ^ -^ vp+ is the kernel in the transformation formula for superfield $(x 
in chiral basis. Moving SUSY covariant derivative to the right produces a delta function 



{T^'Da TaMp, v) = f-^^l 5(9 aVp^ - ivaMp, v) (B.2) 

\ VP+/ 
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The presence of a delta function allows the Grassmann variable t/a in the kernel Ta to be 
replaced by —iQa^Iv^- ^i-nd therefore yields an overall exponent 6^^'^^+, which is expected for 
an anti-chiral superfield. 



<l>(x,^, 



9-6IS4 



(2^ 



d'^r]e'P-''6\ey/^-ir]) 



P^ 



0(p, 7]) 



(B.3) 



From the above formula it is apparent that the definition for integral transform fl2.5p is equiv- 
alent to identifying 6a with iriAJ ^fv+ in the anti-chiral superfield in anti-chiral basis. 



In the Mandelstam formalism all anti-chiral superfields are replaced via reality condition 
(12 ■4p . The remaining chiral superfields $(x,^,^) are then rewritten in chiral basis, which 
allows the Q dependence to factor out and can be integrated over. However this approach 
leads to a complicated cubic term 6*3 in the action, making the 3-point MHV vertex structure 
less apparent. In this section we take another approach and use the integral transformation 
formulas (12. 5p and (12. 6 p to derive the 3-point vertex directly from real basis. The cubic term 
S-i reads: 



S% = — q 



d^x d^e d^e ^^''^^d^' r^" 

0+ 



(B.4) 



i^/2 



gtr d'^xd^ed^eYlid^ZiCJ),) 



i=l 



\P2+J \P3+J 



{P3±-P2±) fe-ffpi 

X e 



-VI 



Pi- 



Pi- 
xe' 



^P--S\e,/^ - ir,2) 5\e^^ - tr],) 



(B.5) 



Note that in the second line of the equation we make use the fact that structure constant 
is antisymmetric in the last two indices, f"''"^ = — j=tr{T°'T^T'^ — T"-T'^T''), and relabel to 
combine the integral into a single trace. The Fourier kernels produce an ordinary momentum 
conservation delta function. Combining the remaining exponents and integrating over 6 yields 
(5^(z^pi+ + ?7i^=). The integral is then of the form: 



S. 



V2 



gtr l[{dz,<P^)d'e{^rfrS\Y.P^) 



i=l 



j=l 



X iPl+P3± - Pl+P2±) C1C2C3 ( VpITa/P2Ta/P3+)^ 

x6\9 - tvi/VP^)S\9 - im/VP^)S\9 - ivi/Vp^), (B.6) 

with the phase factor Cj representing sgn{pi^). The subsequent 6 integral then only contains 
delta functions in the integrand and is straightforward to carry out. 



dW6'' 



iVi/Vpi+)^\^ - m/Vp^)^^i^ - ^^i/VPsT) 



(B.7) 



n 

A=l 



V1AV2A 

/Pl+^yP2-^ 



+ 



V2AV3A 
/P2Ta/P3H 



+ 



V3AVIA 



/p^^/pl^ (V2)^(12) 



nE(^^')^'-^^i^' (B-8) 



A=l ij 
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In the last line of the equation above we feed a round bracket (12) into super-sums 
Ylij ViAVja/ ■\/Pi+y/Pj+ of each index A. From momentum conservation we are free to rewrite 
(12) as any of the other two round brackets (12) = (23) = (31). The brackets are then translated 
into holomorphic spinor products according to the definition flA.10|) . 

We note that equation (1B.6P is manifestly cyclically symmetric, except for the factor {pi+P3± — 
Pi+P2±) = (32) —p3+p3± +P2+P2X contained in the integrand. Summing over permutations elim- 
inates the last two terms, therefore we have: 

3 

'pi 



Ss = -1:9 tr [l[{dz,<P1)d'e{27rr6\Yl 



^ciC2C3 (v/pITv'p^V^sT)^ (J2Y{12Y n ^ ^^-^^ ^iAVjA- (B.9) 



A=l ij 



Applying the identity (12) = (23) = (31) and the definition (lA.lOp again reproduces the familiar 
3-point MHV super-vertex formula 

^3 = \gtr j \{{dz4;) {2nr6\Y.p,)c,c,C3 ^^^^^23^^^ (B-IO) 

where S^{^- XiTji) = Y[a=i '^ij (^i) ViAVjA is the Grassmannian delta function required by SUSY 
Ward identity. 

Now we compute the ^3 part of the SYM action in real basis. As in the 5*3 case we begin with 
substituting superfields using their integral transformation formulas (12. 5p and (12. 6p . Rewriting 
structure constant as trace of SU{Nc) generators gives 

S^ = --gpb^ I d^xd^ed^e^^^^^d^ (B.ll) 

3 ./ 0+ 



^gtr fd^.d^ed^eXlid^c^.) (^) (^) f^)e^E...fe^^^ 

3 y t, \pi+j \P2+j \P3+j Pi+ 



'^^^"^ J^^e^'''"^++''^S'e^^"-^^^+5^(e"v^^ - zvi). (B.12) 



We then integrate over spacetime coordinates to produce the momentum conservation delta 
function, which along with the Grassmannian delta function 6'^{6y/pi^ — irji) put the last line 
of equation flB.12p into the form 



e^''^v^^'^'vmf^'''v^^'s\e./^ - ZT^^). (B.13) 

Integrating over 6 and 6 yields 

i\/2 , f T-r , , , ^ f —i\ f —i\ f —i^ 



53 ^^s'Jn (<'-*) (-)(-)(- 

3 J t, vpi+y \P2+J \i 



P2+J \P3+J 

(27r)V(^p.) (pi+m-pi+m) 5^(r7i^ + r/2^ + r73^).(B.14) 



3 



X 

-^^-■--■" .^..- - ■ ■ VPi+ ''^P2+ " ^P3 
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Again we cyclically symmetrize the integrand, this leaves only the curly bracket in {pi+p3± — pi+P2±] 
{32} —p3+p3± +P2+P2±- To put the above expression (JB.141) into more familiar form, we rewrite 
the delta function d'^im^^^ + m^^^ + 773^!^) as 

{Vi- ^V2- ^m- ) (B.15) 



\/pi+^/P2+^/n+J P2+P3+ P3+P1+ P1+P2 

p,^P2+P3+ \ 1 .54(^^[23] + r^2[31] + r/3[12]), (B.16) 



/WTy/p^y/p^J (72)^12} 

where we take the definition of anti-holomorphic spinor product as [p q] = \/2 {p q} y/p^y/q^/p+q^ 
and we use the bilinear property of curly bracket {12} = {23} = {31}. After cancellation with 
one curly bracket coming from the factor {pi+p3± — Pi+P2±) we rearrange the remaining ones in 
the denominator as a sequential product {12} {23} {31}. Translating curly brackets into spinor 
products then gives 

S3 = ^9tr [[ {dz^(j)i)6 {2_^Pi)ciC2C3 . (B.17) 

C A quartic light-cone superfield action in new variables 

The 4-point interaction in the action is split into two parts according to whether the anti-chiral 
superfields are adjacent: First we compute the adjacent part using integral transformations eqs. 
fl23|l and (^ 

Si = \ghr j d^dd'd \f[d'z4i\ {27^)%Y.P-:) 

^ ( Z£\ ( Z£\ ( Z£\ ( ~^\ {P1+-P2+) (P3+-P4+) 



Pl+J \P2+J \P3+J \P4+J ipi++P2+) (P3++P4+ 



P1+ a ^5a„-. I „- P2+ 



ie-epi++rii^^e i,e-ep2++m 



^g2 t-^^ ' '-^vPiT e^ VP2+ 

^e-i^-^P^+5\e^^ - ir/3)e-^^'^^^+(5^(^v^iT - ir/4) (C.l) 

In order to simplify the super-vertex formula in the 9 9 integral we use momentum conser- 
vation to replace |^ ■ 9pi^ + '^9 ■ 9p2+ in the exponents by — |^ ■ 9p3^ — ^9 ■ 9p4^^. The last two 
lines of the equation fIC.ll) give 

d''9d^9e-''-'P'+e-''-'P'+e'''^'e'"^' 

^5\9^^ - iV3)S\9y/^ - 17],) (C.2) 



An j4;i„(E» n. 



Pi+ 



d''9 d''9 e^' '' ^^' 6\9,/^ - ir]3)5\9^^ - ir],) (C.3) 



Pi+ 



d'ij^"^.^) 6\v3Vp^ - V^Vp^) (C.4) 
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We obtain the vertex by cyclically symmetrizing the above result 



Sl = trf (fldh^A (2ix)%Y.P^)5\Y.^.^)Vl (C.5) 



with 



V} = - 



g 1 (pi+ - P2+) {P3+ - P4+) 



8 P1+P2+P3+P4+ {P1++P2+) {P3++PA+) 

+cycl.perm. (C.6) 

Since the 6 9 integral in 5*1 is the same as (1C.4I) provided one relabels 2 — )■ 3 and 3 — )■ 2 in the 
expression, it is easy to see that 

16 Pi+P2+Pz+Pi+ V V V 

-^'^{'niVpI+ - mVPi+) - S'^{V2VP3+ - V3VP2+) + cyd. perm) (C.7) 
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